This paper presents a new continuous-time four-dimensional autonomous system based on Lorenz system. We analyze the dissipation, equilibrium, and Lyapunov exponents of the system. Lyapunov exponent spectrum demonstrates that the system possesses rich dynamic behaviors if the parameters of the system vary. In a large range of parameters, the system is hyperchaotic. By using fast terminal sliding mode control method, the synchronization of two different chaotic systems is studied. Synchronization between the new system and hyperchaotic Chen system with noise perturbation is illustrated. Simulation results verify the effectiveness of the proposed method.
Introduction
Since Lorenz first discovered the chaotic attractor [1] in 1963, many new chaotic systems have been found, and there is a lot of interesting work on the study of chaotic systems, such as Rossler system [2] , Genesio system [3] , Chen system [4] , Lü system [5, 6] , Liu system [7] , and Qi system [8] . These chaotic systems have unique positive Lyapunov exponent. Positive Lyapunov exponent is an important character of chaotic system, and it is a value that describes the sensitive dependence on initial conditions. More positive Lyapunov exponents mean that the system is of much more chaos. Rossler defined that a system with at least two positive Lyapunov exponents is hyperchaotic in 1979. Meanwhile, he presented the first hyperchaotic system-hyperchaotic Rossler system [9] . The dynamic behavior of hyperchaotic system is more complicated and unpredictable. With these characters, it is important to use hyperchaotic system in engineering, especially in secure communication. Over the past decades, many hyperchaotic systems have been introduced, such as hyperchaotic Chen system [10] by Chen and Dong, hyperchaotic Chen system [11] by Li et al., hyperchaotic Lü system by Chen et al. [12] , hyperchaotic Nikolov system [13] by Nikolov and Clodong, hyperchaotic Lorenz system [14] by X. Wang and M. Wang, and hyperchaotic Lorenz system [15] by Barboza. This paper presents a new hyperchaotic system by adding a state variable and analyze the new system's dissipation, the existence of the attractor, the stability of the equilibriums, and the dynamic behavior as a parameter varies.
Since Pecora and Carroll observed the synchronization of chaotic systems [16] , there have been many efforts on the scheme of synchronization and a variety of approaches have been proposed for synchronization of chaotic systems, such as linear and nonlinear feedback synchronization [17, 18] , adaptive synchronization [19] [20] [21] , active synchronization [22] and sliding mode synchronization [23, 24] . For the synchronization of different chaotic systems that exists extensively, it is more challenging to study the synchronization of two different chaotic systems than to research the identical ones. It is very useful in secure communication. Here we utilize terminal sliding mode method to synchronize two different chaotic systems. Synchronization of the new hyperchaotic system and the hyperchaotic Chen system illustrated the presented approach.
The structure of this paper is organized as follows. In Section 2, the design of the new hyperchaotic system is introduced. The dynamic behaviors are analyzed. In Section 3, the scheme of terminal sliding mode synchronization between two different chaotic systems with disturbances is proposed. In Section 4, numerical simulations of the synchronization between the new hyperchaotic system and the hyperchaotic Chen system verify the effectiveness of the scheme. Finally, conclusions are given in Section 5.
The Design of a New Hyperchaotic System
Lorenz system is a paradigm of chaos given bẏ
where , , and are state variables and , , and are parameters. Here = 10, = 28, and = 8/3. Adding a new state variable to the second equation with the change rate of being − and adding 0.67 to the third equation of Lorenz system, we get a system as follows:
When = 31, = 54, = 13, and = 1.8, the Lyapunov exponents are LE 1 = 1.156884, LE 2 = 0.720394, LE 3 = 0.026702 and LE 4 = −44.999849. LE 3 = 0.026702 is close to 0. Obviously, with these parameters, the system is hyperchaotic. The phase portraits are shown in Figure 1 .
Dissipativity and Existence of Attractor.
For the system (2), we have
If ∇ = − − 1 − + < 0, the system is dissipative. When = 31, = 54, = 13, = 1.8, and ∇ = −43.2, the system (2) is dissipative and it converges with the rate −43.2 . That is to say, when → ∞, each volume containing a trajectory contracts to vacancy and the trajectory is confined in an attractor. (2) (2), we obtain the Jacobian
Equilibriums and Stability. By solving the equilibrium equation of system
From the Jacobian (4) 
Bifurcation and Lyapunov Exponent Spectrum.
Without loss of generality, we fix the parameters , , and . Let = 31, = 54, and = 1.8. The bifurcation diagram in -direction during varies in the interval [1, 20] is shown in Figure 2 .
The bifurcation diagrams in -direction, -direction, and -direction are almost the same as Figure 2 . The system dynamic behavior can be defined by one component.
The Lyapunov exponents are shown in Figures 3 and 4 .
In Figures 3 and 4 , we observe that there are two positive Lyapunov exponents over a large range of parameters . Two positive Lyapunov exponents imply that system (2) is hyperchaotic. As we all know, the signs of Lyapunov exponents characterize different dynamic behaviors of the system. Specifically, when (2), we get four typical attractors of the system by selecting = 1.1, = 7.87, = 6 and = 2.8. Their phase portraits are shown in Figures 5, 6 , 7, and 8, respectively.
Fast Terminal Sliding Synchronization between Two Different Chaotic Systems
Terminal sliding mode control is an effective approach for chaotic synchronization [25, 26] . In this section, we present the fast terminal sliding synchronization method to synchronize two different chaoses with disturbance. Leṫ= ( ) anḋ= ( ) + ( ) + be drive system and response system, respectively. , ∈ are state variables. ( ) ∈ is the disturbance and ∈ is the controller. The state error = − , we choose a terminal sliding mode surface = 0, where
where ∈ , , are diagonal matrixes.
, . . . , / ] ( , ) are parameters and < < 2 . chaoses with disturbance by using the terminal sliding mode controller , provided bẏ
where , are diagonal matrices, ∈ is parameter, and Proof. First, we all know that our design target is to makė< 0. For the given terminal sliding mode surface , If we use the controller above, then,
And then we havė
So with the given controller two different chaoses can be synchronized. The initial value of (x, y)
The initial value of (x 1 , y 1 ) y, y 1 x, x 1 Figure 9 : The synchronization phase portrait of the new system and hyperchaotic Chen system with disturbance.
From the proof above, we know that switching item sign( ) is two-valued; that is, it equals or − and it always work. If we let it be a step function, that is,
or use saturation function. These schemes can attenuate the chattering of the sliding mode surface. Also we know the item − −2 − 2 −1 guarantees that the state trajectory reaches the sliding mode surface in a short time.
Numerical Simulation
Here, we assume that the new system introduced in this paper is the drive system and hyperchaotic Chen system, is the response system:̇1
where 1 , 1 , 1 , and 1 are variables of hyperchaotic Chen system and 1 , 1 , 1 , 1 , and 1 are parameters. Adding controllers and noise perturbations to the response system, we geṫ1 
To demonstrate the effectiveness of the controller, we give the parameters and initial value of the drive system as = 31, = 54, = 13, = 1. From the above diagrams, we know that the precision synchronization of the two different systems with disturbance can be realized by less than 0.1 seconds. Synchronization time can change by tuning parameters.
Conclusion
In this paper, we have introduced a new hyperchaotic system by adding a state variable and investigated the characters of the system. By using fast terminal sliding mode control scheme, the synchronization of two different chaotic systems is studied. Synchronization of the new hyperchaotic system and hyperchaotic Chen system with disturbance has illustrated effectiveness of the scheme.
